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ABSTRACT

Further developments of gust design procedures based on
power spectral techniques are presented. A number of topics
are considered, and presentation is in the nature of a series
of interrelated small reports under ohe cover. Generalized
load exceedance curves are considered theortically, and
certain significant properties of these curves are established.
It is shown that response and design considerations may be
expressed in terms of three basic parameters: P the propor-tion of time in turbulence, ac the gust severity, and a shape

Parameter whle h defines the generalized exceedance curves. Over
a dozen different families ef theoretical exceedance curves
are generated, The basic response stnd environmertal paraeters
that are of concern in design are discussed, and the use.of
composite values of these parameters ae might be involved in
mission considerations is shown. The composite gust intensity
value ac  , and the related scale value, L , still represent

unsettled questions. A reexamination of some previous airline
operational data in terms of generalized exceedance curves is
ihcluded.

Recommendations on four specific design procedures are
given. One of the design procedures,, based primarily on the
response parameters A and . , incorporates the results of

computational studies that were performed on certain existing
aircraft as a means for establishing desigin boundaries. -The
problem of determining the probability of exceeding given load
levels -in flights of specified duration is investigated. Areas
and parameters which are considered to have weakness or uncer-
tainty are indicated. and recomendatians are accordingly made
for appropriate future research effort. Consideration of the
effect of filtering on deduced scale value is included in an
Appendix.

This abstract ia subject to specific export controls, -and
each tranasmittal to foreign governments or foreign nationals
may be made cnly with prior approval of the Air Force FlightDynamics :Eaboratory (FDTR), Writght-Patterson Air Forcc Base,

ohio 45433.
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A structural. parameter; ax -Aq

f( fneto nal notati on, generall2y xepresentingflondImensional -exceedance ouxrve

Fx (co)Fouri±er tranoform of vribl~e x
h -alti-tude

I scale of turbulence

Innumber -of ai-rcraf t in fleet

'n total 'number of times load level x is crossed,with -positive slope

'n'"O total -number of zero crossings -with positive slope
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R number of times per seeond load level x is crossed'with positive slope
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p.(Z)

Pxc }various probability distribution functions
PIN, t)

P proportion of time spent in turbulence
P(x,T) probability of reaching x in time T
q(a) probability distribution function of a
r ratio; also rate of climb or descent

t time

T various flight times, including lifetime value

T IT2 time spent in turbulenceJUaverage time to repeat x
V flight velocity
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SELZiI2M iA

Under r ct with the Air Force Flight Dynamics Labora-
tory, Aermiautical Research Assaociates of Princeton has been
deveirping procedtares for designing aircraft for gast encounter

basd n ow-rspectral aehius. Reference I repurts the
preliminary fir-i -s of thes e studies. in particular, four

tion were brought ouit. This report presents the results of a
continuing p hase of effort aimed at evolving further the paro ed-
ures, as well as investigatIng other aspect-, of the sivectral
ppeach to gust resp3onse and design proble-ms The prezenta- 5

tion given hereiz is in the nature -.f a series of small reports,
covering a variety of interrelated tppics which pertain to the
subject of gust lo;ads anal~ysis of aircraft.

As was brought o 'Ct in Reference 1, related work has simul-
taneously been carried out by some of the aircraft companies,I
sponsored also by the Air Force Flight Dynamics ItaIoratory
and under motc-_-rship by Dr. J. C. Hottboit, the principal investi-
gator of the present investicration. These were computational4
studies of certain existing gust critical airplanes that wereI
designed by the discrete-gust tehnqe, and were almed at
establishing for these aircraft some of the basic response--Iparameters that are significart in a power spectral design approach.
Mhe results, References 3 , 9, and 10, are incorporated herein
as one of the means for gaiding th~e choice of spectral design
numbers and design boundaries, It is well to repeat here one
of the underlying theses that is being followed, namely, that of
applying a possible new procedure in retrospect manner to proven
gust critical aircraft with the concept that if they had been
designed origi~nally by the new procedure, safe designs wotl-.d4
have also resulted.

"J3
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V MORY F~OR IETVEL CROSBI-N 1B. N (x)

This section gives some of the basic theory that is
associated with level or threshold crossings for random time
history functions. Application is then made to the gust loads
case, rith the view toward developing further the concept of
r'%lversal load- exceedance curves" that is brought out in
Reference 1. It is shown, in quite general form, that load
exceedance considerations need only involve three basic
environmental factors. A new and remarkable moment property
of- the-level crossing curves Is also established which is of
governing importanca in the mathematical description of these
curvres -and which should be of marked significance in the
interpretation and use of flight data on load exceedance.

General Formulation.- A derivation of the general equa-
tion for determini g the number of level crossings is given
first, using an approach which is slightly different than that
used by -Rice .bi :Referehce. 2.- Consider a random firnct ion -of
time -aS ,depieted- i -the following- sketch:

dx
- A

Vt

We -wish t. establish the statistical estimate for the average
number -ot crossings of the level x . For any one crossing,
the mhounht-of time to cross the interval dx is

dt dkI -I

In a total time T , the total time spent in the incremental
area dxdk is, by definition

AT =Tp(x, dxd

where p rrpresents the Joint-probability distribution function
of the rndom function x and its time derivative x . The
total number of dx crossings in time T is thus

a .- 3



-AT
dn = = Tjx p(x,x)dx

We now find the contribution from all possible i's by inte-
grating with respect to x , thus,

xi= T f Iip(x,.)d

The probability density function is suppose4 symmetric, and,
therefore, the-contribution from negative x should be the
same as for positive i ; the equation may thus be written

n = 2Tf p(x,x)dx (1)

0

This equation yields the:, total. number of crossings, both up-
ward and downward, of the level x . The number of upward
crossings (or the number of downward crossings for negative
x) is given with the factor 2 suppressed. Thus, suppressing
the 2 and putting the equation on a per -omit time basis, we
obtain the following-general form for the number of upward
crossings per unit time of the level x

NX P(x, )d (2)

This equation is true regardless of the form of p. Specific
eyiay-ltcal exprerisions for N(x) may be found by substituting
in any plausible and convenient expression for the joint
distribution function p . Ih general, these joint distri-
bution functions need only have the following constraints
or properties:

1 =ff p(x, i)dx

-00 
-(

IX2 =ff 2(x,)ddx

x ~i2p(x,x'dkdxj

p(X) jp (x,x)dxJO
-06



In addition, we limit ourselves to only those p functions
which are symmetrical in both the x and i directions.

A study of these equations indicates that p(x,x) must
be of the form

1 ( g-
x:: x 11SC

where g is a nondimensional function which is- described
completely by means of a "shape" parameter a , and by the
nondimensional independent variables x/a x  and x/a -

which involve a and a , the r.m.s. values of x and x

The factor 1/27r is included simply as an aid to be used later
in defining the basic frequency parameter No . (Note the

symmetric properties of p can be expli.citly brought out by

writing g, in the functional- form x 3 a but for

simp-licity the square notation will be omitted.) Substitution
of this equation for p into Equations 3, and introducing
the notation

-~ - :x(5a)

- k (5b~)

gives the following properties of g

O O

i JJ' 2(e TI,, ) dide(

-=~1 
1 jf r 2 g(e I, a) djd€ (8)

I .i-00 - 50
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Application to Gust Encounter -The Three Basic Environ-
mntal. Factors a~,P ,and aL* In application to the

aiplnegut encounter problem, Equation 2 appjies, of course,
only during turbulence encounter. To make the eqution yield
results which gi~~e the average level crossing rate based on
entire flight time, we multiply by Tt , the total timna spent
in turbulencd -and divide by T -the total f-light time: the
result is

N(x k' I ~xV ,X)di (10)

0

whee P=T T/T denoives -the propor-tion of time spent in tur-

Si§hbstitution of Equation 4i into this equation yields

N(x) P - ~
2 rx x xx x

-PN~t f.- 2 (11b)I

This equation~x is of fundamental signif cance. Apart from No
which is related to the structural resijonse characteristics of
the aircraft, it shows that the level cribssing history of an
aircraft in gust is dependent on only three basic parameters:
P , the proportion of time in turbulence; -I , the severity
parameter; and a the shape parameter of the curve if Q
It is noted that the equation is derived through general con-
sideration only. Concepts of an atmospheric Lnodel consisting
of a series of patches (see Reference 3), or tnvolvinig -the
assumption of Gaussian distribution, need not be introduced.
Instead the concept is advanced that the gust encowiter ex-
perience of an aircraft can, be~ described complelely in termsI
of an overall d~stribution ,!uxve of the type given by Equation

4or, alternatively, by Equation 11. These two equations
form the basis for develominenrts contained in this report.

64



Some general, oISz-rvaen-S izrta -g to the abicb
of Equation 11 -r-i& 1i~w this point. - xIr
renr esents ao vari-b:03- ao concern, either inmut or _

resvonse. 1J is a response variable, then i- r.=.s.
value is related to the .m.s. gust Value thrcoagb the - L-
knowmn exD=resion

aLax Ac

j fi 'se1-erityU va, is thus related di-ectly to a~ c osite
severity a of the gusts thr(agh the Dpra ter A . The

C
Dractical evaluation of the structural responzse a it
and U. q -ectral. teehniaes is considered in Reference I

and 3.:1

Secondly, we note, without det ailed elaboration, that
ci!-mlete stationarity is not a necessary prerequ'isite for the
random variable x Stationarity of H is i-nlied but the
local r.m.s. value (as defined on a patch sense basis) need
not be. -Varying No values are easily taken into account by

a superposition techniaue.

Thirdly, it may be ram.-rked that the observations sug-
gested by Equation 11 are also suimporte, by practical consi-
derations. Thus, if one reflects and tries to single out the
main factors mhich govern gust iads experience, it seems
plausible that the logic would nar.ow do-wn to the following
three questions:

1) What is the ti me spent in turbulence?
2) What is the severity?

3) 'What is the general shape of any chosen
"oad-dencribing curve?

These three questions aze reflected by Equation 11.

n the next section it will be shown that the first mo-
ment of the area under the N(x) curve about the origin (con-
sidering the right-hand plane only) is of significant practi-
cal importance. Thus with Equationc 4 and 10 we write the
following for later use

fxWix)dx P g ad 3 d- (12)

yM .. . . . .. .. . .

0-, r)~



-ee-a 'Iuts and Basic Ma =nt Property For a Practica.l
Subclass.- If we re: trict our attention to a cerdain prac%1!eal
claSs et random functions were, at least, the f amtio and the
first deivatfAve are eont-inuous, -then furthcr properties of
nqte zmy be deduced in general. Specfieall., s ose
Sfrztions are des-cribed by Joint-distribution .Iu ton- wherein

- he indepvndent variables always appear in tb combination

2 2
6 0-

2|

Ye introduce the clange off variable

Csn
7; . t, " r s3n e

Then for a single integration in the 71 direction

'-I= r§2 -

rdr

and for double integration, we have, through the Jacobian

- -dtdin=rdrdO

With these relations, Equations 6, 7, 11, and 12 become

2. =J rg(r, a) dro0

---

1 4
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! = r str a d

CO

PH 0 frg(-,a)dr

x
X

f N(x) dx-O- fr3g(r,a)drPRO --T_--
0- 0

From the first and third of these equations, we see that

EIor fIx,u) of Equation 11 must have the property
N0-

O)= f(O,a) =1! (13)

while the second and fourth indicate that

f1 x ,(x) dx = 2 (14)
PN 0

Equation i4 is of fundamental Interest and significance.
Geometrically it indicates that the first moment of the area
unde.r the right-hand side of the normalized exceidance curve

2
must equal a , a fact evidently not known before, This

fact gnd Equation 13 place important restraints on the form
that the exceedance curve can, take, and are most useful in
estiblishing analytical expressions for the ezceedance curve,
as will be seen. These two properties should also be very
helpful in the interpretation of experimentEl de.ta; in fact,
if In the deduction o: exceecance curves from flight dta- it
is fotxd that these properties are not met, particularly the
moment property, then it may be surmised that there is some-
thing wrong with the data evaluation or interpretation.
It is noted that Equation lt is exact if N0 is invawlant

9



with tible-, but represents a good approximation when N0 variesI
slightly a:..c in slow~ fashion with tine, as is found geherally

in the gust r-soe c-ase.

'A A



SECTION 3

SPECIFIC LOAD EXCEEDANCE CURVS

Derivation Procedures.- At least three different
procedures may be used for de:riving specific load exceedane
curves as described in the following.

Direct means:
in this procedure., a form of o (z,x) satisfying Equa-

tions 63 7. and 8 is assumed. Subsitutio noEuto
10 leads tnen.directly to the result f or I).As an exam-
ple-4 - case 0often qted and used is based on the assumption
that x la&d bk oey A. joint-normal or Gaussian diLJstribution.In A ';'itace, .i~gi~n b

2 .2
2I

Substitutian of this equation into Equation 10 and the last

of Equations 3 yieldsI

- - ~x).PNop

2

n~x) - .~e (16
(xx

which are noted to be a form of Rice's results.

It 's significant to note that a Gaussian assumption is
naot essential in the treatment, of guast loads, as hias been the
general belief or the underl ing assumption in previous studies.
Anxy pla usibcle form ofp(x~kx may be used. As -a specific
example ,if

a
*1 2p~,)=2"xuaj +7)1o-

21 alx

---------
---------



then the following equation results for N(x)

I+ x

BY _ suiiitio of. Gau6sian cases:
Although not-neeessary, the technique described in

Rdferehee i for the co~osite gilst model consisting of the
e0e&Wter of nufmbe± of Gaussiai patches of turbulence with
varying r.m.s. values of intensity- is, of course, till valid.
'The intensity values of the various Gaussian patchet; are
characterized by a probability density distribution q(a)
with properties

f q( )d 1 x (7
0

P x~~'d (17)0I
The variable a corresponds to the ax used in Equations 15

and 16; the a given by Equation 17 refers to the r.m.s.x
value of all the patches linked ,together. With q chosen,
We use Equations 15 and 16, with the subscript x dropped,
and arrive at the composite r-esults given by

2

S1 2e o(8

12
N (x) =P 0  q(a) e c' d u (18)

0

2"'x2

N 12

Ji--....
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As is proper1 it may be shown that the composite density
curve must satisfy

Ox XP2,)A (201)

Dual but equivalent- definitions for the composite r.m..
value of x are noted to be given by Equations 27 and 20.

To ilustrate this procedure, we -use the -well-known
case where q Ls assumed to be

2

/~)- 2 1 2a x
2°-x2

Substitution of this equation into Equation 19 gives the
familiar re sult It21

=~ P-0W(. Pl

By summation tiee-se-, I
Reference I indicated that equivalent composite results

,could 9.lso be obtained by assuming that the 'x in Equation 15

iz expTez6sed 'by a timewise vxiation instead of by a distribu-
tion q . In tbis case the composite results are giver by the
e quations

t2  x2

p(x) l_ 1 a dt

tl

x2

- IPNO 2

N(x) - 2 tI  e dt (22)

13



- - ---C! -s so- chse - wltk of tirne. -- j-

-~ 
2 

..
1-- 

-

L; ?I- 2

0t -t1  ~

ie croutant a Is estabi'shed from the f acJ that the r.m.s.
aleis ,Lver_ by

L#2

2 1 f -A

-2 -or - I

Ad4ditiAonal M~oment Propet'es .- Further iformationi on
moment pr~nperties ,, speecZaythe relationships betweeni the
variolus or-der moments of' the aret, under the D q , and N
curves about the origin, can be derived 10y suiitable wanipula-A ~ ~of' EquatiOns 18 and 19. Beecase, of' the s~m~tr of' h
-p til-d Ni -2=ves, odd-order moments are, t _veri using the right-hand plane only; evn-order moments consider bo2 rght exid

lethi~bfes. Thus, from Eq -aions 3.8 and 19,; the if olioWing

dx~ ~ P-X FJK tfx e (e6 u ) O'V-

xiyx dx ~ J~ dx I do-~

3 14
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The fifth expression is noted tobe the iLmortant moment
property that vwas brought out by Equation 14. These moment

relations are valid essentially for only the class of functions
wherein at least the function x and its first derivative
are continuous.-

15



I Analytical Forms for N and _.-As derived from theforegoing-considerations, a number of specific analytical ex-

pressions for the "universal" curves for x'x) and p(x) are
presented in this section. Three forms are considered.

General form:
A large number of specific analytical expressions were

derived by means of Equation 10 or through use of Equations 18
and 19. Some of the more interesting results obtained are

shown in Table I as the first nine entries. Figure 1 gives
plots of the associated exceedance curves. For some of the
cases, q(a) is also sho-n on the figures. The first three
cases are noted to be the same cases as those given in
Reference 4,except that here results are given in generalized
f orm.

A comparison of the various cases is given in Figure 2;
the specific -curve chosen from each case was arbitrary. This
comparison indicates that all the curves may be considered
to represent various deviations about a basic reference curve

x
defiied by e Ox . If a given universal curve falls above
this reference curve at-low x values, then it must fall
below at high x values; if below at low x , then it must
be above at high, x In general, the position of the "tail",
or portion of the curve at high values of x , is seen to be
very sensitive to the initial position or trend. This tendency
is simply reflecting the property given by Equation 14. The
fact that the curves appear to have large deviations from one
another at large x is, of course, due to the use of semi-
log plots; the effect, however, is of much importance in load
exceedance and design considerations.

Composite forms:
In the development of the universal exceedance curves

of Figure 1 and in taking into consideration the form suggested
by flight data, it was observed that a desirable curve would be

x
one which fell essentially along the e x curve for a wide
range of x and which would then depart in upward fashion
from this trend at large x . A universal curve of special
interest and having these characteristics was therefore
developed through use of a composite technitque. The curve is
shown in Figure 3 and is derived from Equations 13 and 14 as
follows.

Assume. he upper and lower portions of the curve are
given respectively by simple exponential and power laws ac-
cording to the expressions

NPN = e ,x < x 1
N0

b
xa x > 1

.:L



" °' - . ,-- 0 *o~ --- - -'= 3 f : - -

and assume that the two portions Join. with e-aal height and
slope at the Joining point x_ These two joining conditions

....- allow for the solution of a and b and yield the result

PN-- e ,x x 1  (23a)

x > X,(23-0)

We now invoke relation 14 to solve for x1 , and find that

=, _(23c)

Condition 13 is automatically satisfied by the exponential
function choice. Equations 23 thus form the universal curve
shown in Figure 3. The equations and associated curves
applying for various Values of a are given below and in
Figure t-where fa and f are used in shorthand way toN
denote the two portions of -

FN0
x

-1.0025 ax

-1.000818 -xa =7, a =e CrX
7- ax

a 7 7
f (6.994f274+j (2 .57u

ax

a=8f ~ a e ax

8 8 :
fb (2. xx)
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a 9,5 -1

-10 3 68ar -

A std3o this set of universal-curves in the light of flight
dt& lidicates that only the, larger v&lues of a are of prac-
tical o5 ern. For theae larger values it is noted that Y-,

is given- Ingo pr. Unb

-- and thtts Equations 23a ar.;d 23bR read simply

N ~a

strictly speaking, to preserve the moment relation given by
Equation 14 the coefficient of urnity in the exponent of
Equation: 24shotld be minutely larger than one (as given by
23c); the difference betweeft plotted results when using unity
or the pie-sise value cannot be detected, however, and so thA-e
use o. unity for practical purpose& is just-'fied. The conibi-
nation of Equations 24 thus forms a remarkably simple end
easy to anply universal curve ftr load exceedances. Its ease
of application'wll be seen in some of the subsequent design
applications. Equations 24 also-include another case that has
been of special interest; that is, when a =co the result ia

simplyIi'8
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is no"ed to be Case a of Tab-e I

C _ses k and . represent two other InterestI-g co=o-
s e ±os that ~~re derived tbrou use of Eauations !3 and
!4 and iiich show charatenis sinil to Ce a Ji st
discssed; plots are gtven in Fjures 5 and 6. Case k is
noted to be a refined version th e for

-hicbh has been referred to often in previous studies. T:_he
newer develon-exts of the present report h-ave been used to
express the equation in A form that is compatible with the
other cases.

Sup-erposed forms:
After Per! orrnz the work covered in the preceding

sections, which had the under!lng ai of deyloping reasonably
simpyr analytical expressions for the exceedance cuxvesar d-wich at the same time yielded desired shpe characteristics-,
the following fact was realized. Any number of different ex-ceedance curves can be added toge-ther- by coefficients -which
sum to unity to yield yet another exceedance curve. Spec!-
fically, in terms of two different chosen exceedance curves

Witan fthe following apples in gen Tbral

paste for actic and associatedFigure s, ilstrate thistechniaque. This case was formed from Cases a and d an~d is
of special interest. it -Ius quite simple analyticaly, and.
In the lieht of available fli. exceedance data, shows goodshape characteristics.

With the variety of cases presented in Table I, the
question naturally ari-ses " to t het forms are. 7ost appro-
priate for practical use. In partial answer to this question,
we must admit that at the present time not enough experimentaldata exwist in true generalized exceedance form to al-,ow a se-
lection to be made (or to associate form wIth mission type).

g;-, p



A suy sbeent Zitj4s. renaort usi-ng a 3imIted a~mt,
of ~iii dtainli cat-e hdich of- the forms 4ipear to be fa-

vad. (1 thie basis of ltae inf oxxvntimn ava i'ableate pre
sent zICases b nd n~ -e -preferred c1hoie&ns

Il
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SECTION

RA=I -PARAMETERS FOR DESIGN

Tn general there are five basic parameters which are
involved in the consideration of gust loads. Two are the F
basic structaral response parameters A and NO , and three

are the basic environmental parameters brought out by Equa-
tion 11, namely P a ax = Aac ar.d a These Darameters,

with the exception of a, are -discussed in this section.
Because of their close tie-in, A and a are discussed

x
together. A sixth parameter, the scale of turbulence L
may also be mentioned. The scale L and the parameters A
and a. are so interyelated, however, that only two of the

three may be considered independent. Thus comments on the
scale value will also be made when appropriae in the dis-
cussion of A and ax . A further discussion of scale, par-

ticularly the effect that filtering of time history gust data
-* has on deduced scale value, is given in the appendix.

All of the Lmbsequent discussion is based on the fact
which is demonstrated by Equation 11 that each one of the
parameters No  P, and- a may be considered to be a com-

posite value of all the flight experience. These composite
values may be establithed conveniently by assuming that the
flight of an aircraft is expressed in terms of various flight
segments as depicted in the following sketch:

Segment 1 Segment 2 Segment 3
(1 q 2  3

LT T _ T__

T2

The segments are arbitrary and may represent, for example,

climb, _cruise, and descent - or anay other cornvenient and ap-
propriate breakdown. The model, somewhat analogous to the
discrete-gust patch model concert discussed in Reference 3,
corresponds to a condensed verjJon of a mission approach. In
the detrelopment of this report, the determination of exceedance

21
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curves for each aegntet is -obviated, jet geierrlity and a feel
for the sensitivity of mission results to the individual seg-
ments can still be re talned, as -ll be seen.

lenekal relationships which apply to this model and which
are to be uz.d t..-rugbut the developments to follow are

PTP Pe. for +ovn~ s T. wT i ... cosieto T-s (2en

a 2 +2 3 3  ~ (6

2~ 2 ~!a~ 2(
V i 

-x 2

~beie~,for~oneni Jceiv ritin- , consideration has been
,~ ~0 _ r.ri~lhsd

Additmenal basic relationships involving the structural
#I

pWameter A -are

- " " a' ° =N% (28a) *-

xn,1
ax Aa0  -(28b)

The Frequency Parameter NO .- Tne total number of
upward zero crossings for the model would be

*no= P-N,+ P2T.N 0  + P TIf

From this equation the composite NO foilowu simply as'0

PT + . 2N + P T N (29)
'0~1 1  '202 P33 3

The basic spectral formula for evaluating the individual
No 's is given in Reference 1.

22
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nie Co!iosite PrO--orti 0: of Time Parameter P., So_
paSt efforts lgve attented to establish the average amount-Of tie-tha t X sP-bnt inu -urbUlenae , and particu!ar],y the .

a-.Iation with altit3ude. Rsults vary considerably, Ref eren-
ces 5, 6, an7d 7. Because different axnglytical techniques
were used, there is some qj'e tion G Ie reiiAbility of the
results. In an attempt to ascertain appropripte values of
' , consuILtation'was made with various !i~plane pilots.- One
in partiulaar, NOrazn A. Murphy, Vho hars many years of ' -t
experience in '4ol-ing crop dusting, charter, and corporate
flying, preseited -6 tl.t re on 6rop0rtion of time which is con-
sidered tzUly Pmazing. He verified that geographic locationnd season were, of course, dozimant factors influencing gust
euotmter. For an overall coverag, hoirever, Mr. Murphy
suggested a breakdown involving daytime (8 a.m. - 8 p.m.) and
nightiime (8 p.m. - 8 a.m.). operation. The results he gave,
P rely from mental reflection, ate shown. :in Figure 8. Since
these resalt, are not dependent on a specific analytical re-
du&Qon proceduxe, they are considered the most reliable yet
shown.

As an illustration of how the values of P shown in
Figure 8 may be used in mission consideration, consider the
daytime values to be xepresented by tbh solid straight lin
segients ihich are- defined as fellows:

.1623 h
- ;8e 0 < h < 15,000

P= .0? 15,ooo < n < 30,000 (30)
~- .o886 h

P e Qe 3o,ooo < h 1

These esquations may be raombined with any assumed mission in
accordance with Equation 25 to yield the effective value of P
Because of the analytical form assuined for the Pis , exact
integration can be used in place of a summation convertion.
Fnr example, the results found from Equations 30 and the as-
6umpd mission

h

/j T

• 2
23



are the f4llowin"

2 ~ 2
- ~ ~ , :=. ~aL e-00a~

30 , 000 < - -,

1- Tra. Tr

2 I 1+b)&bh

SIwhere a -12 b '0886 and where r is the rate of
climb and descent, here considered equal. Figure 9 shows the

-1-results obtained from these cquations. These results repre-

sent e2Tpected average -vajues of P for the assrmed mission
for da~time operation. Because of -the similarity of day and
tions which represent a combination of day and nieittime i
flights may be made quite easily from-Figure 9 throu&g use of
a simple reduction factor. Thus, for a combination of half
-daytihe and half nighttime flightr , P may be estimated
siinply by imltiplying the value shown in Figure 9 by .
For all nighttime operatio~n a factor of .3 appears reasonably
good.

The opinion is given here that values of P for opera-
Itions which use turbulence-avoidance procedures, as practiced

z]generally by the commercia4 airlinets, axe probably not too
much less than the values given in the preceding paragraph.I Usually the intent of avoidance proced~ures is to avoid mainly

* the severe turbulence, and this type contributes only a smLl.
amount to P.The principal effect of avoiding the severe
turbulence probabl shows up more as a change in the valvue of
the shape parameter a ,as examples later in the report will
show.

Results for - P were given in Reference 1 for a different
assumed basic variation writh altitude,. but no equations were
given. The variation considered was given by the exponerntial
form

24
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Consideration of the basic climn-cruise-descent type mission
led to the follaing equation:

ah 2ap -ah-

P0 Tra~ Tma

where h- ds the mission cruise altitude. This equation
... ,gives beh- no;sultz shown in Figure 4 of Reference I., Vol. II

(the stibscri.pt m is dropped on both P and h in the
figure). Me results given are for the assumed values of
P ,.2 and a= .8/1000.

The VoTrosite Severity Parameter a, and the Related

Parameter A .- The composite severity parameter ax is

given by Equation 27. From the basic relations 28, this
severity value becomes

a2  1 T 2 2  2 2 2 2 2 2
P22 ac) =Ac (32)

~(P1 r1c a2 a 2  33 31,1aa
Inapplication, the As and cs of this equation cannot

be treated independently at the present time because they are
closely linked together by the turbulence scale value L
The values of A are strongly dependent on the scale value
used in the chosen gust spectral equation azid, in the con-
sideration of flight data, it has not been possible thus far,
because of instrumentation lImitations, to separate the ef-
fects of ac  and L . Thus, neither a or L , or the

variation of these quantities with altitude, are really knoim
at this time. We must await better flight test data to as-
certain their values. In the meantime, the approach given in
'Reference 1, making use of the trnmcated value of gust inten-

sity, is suggested.

The truncated value of intensity, as associated with the I
area under the spectrum beyond a frequency D t is given by

.885 aw

(Note, at and i4 , here replace the c, and as used in

25



P"-ference 1, and v- is the gust intensity of one of the
pateihes tnat make uD the c osite value a .) In general,

i givien with good accuracy by the flight data, and so
Sbest that can be said about and_ is that they

a:-e s__ co _binat! theat satisfies this relation. Without
so-me addit-ional piece of infornmation, no iunique values can
be established. (S&_e, bounds exist, of course, on a, , i.e.,

t eannot be anller than u,. nor is it larger than the mean

square m-lu e off the raw time history data of gast velocity.)
Lac ng _srecifig infqo=_tion on aw , we can treat q, as the

basic gust intensity variable. Conceits of a distribution
curve for a,, sa to the.t used in Equations 18 and 19,
and a vatiation of with altitude, sird1, ar to that given J%

for ie in Figure 3 of Reference !. Vol. II, are equially valid;

d,. rep~resents te c-xmosite value o .. , analogous to the. rureents _ the _ _

use of ac as the camoste value of cw . We may write,

therefore.

.885orcS -"1(33)

On th6 basis of the I. mited information that exists, and also
a8 piar tigy guidJed by. the results that were obtained .in the
reeaminftion of some Airline data as given later in thisreo-rt we assume the following: that at = 2.45 for an

associated = o003 . Thesee assumptions lead to the 1c

values shown in Figure 10. This figure is tentatively sug-
gested for design purposes.

An equivalent procedure for treatig a is the fol-

lowing. If ac is eliminated between Equations 28b and 33,

we find that (Ln.)1/3
ox A- - t

-p ao'ltc
tA16
Reference 1 indicates that A is fairly insensitive to L

Thus, as an alternative to the use of Figure 10, design coul-d
make usu of Equation 34, wfith at = 2.45 fo 4 = .003 as

the tentative choice for the truncated gust intensity vwlue.

26



In this form the necessity of considering L is virtu, ly
i ~eliminated.o _

T h e comosite value of- A is of interest and may be
dnti directly from Ece tions 26 and 2; the result is

he e n = conpTe valu o" A iso n etadmyb

deie ietyfo Euion 26 ad 32 the reasu is g
2 2 2

2 1A1 + y2Ax2 +AA (35a'
2

a2 =Y- + 2 3 A
-here -yn aT c if C% CI,1as issug-

n 2 3
gested in.Reference 1, and in the preceding paragraphs, the
solution for A is simply

A 2 -7- 1  2 P2 2 PT = 2

Thus, Equations 35 provide for the fairly easy evaluation of
the effective or composite value of A for use in load ex-
ceedance-considerations. An illustration of the application
of-Equation 35b to a fairly complex type mission is shown in
Figure 11; the numbers given near the bottom of the figure
show which of the segments contribute most to the composite
value of A

With respect to the concept of using an increased CIc
value when increased severe turbulence encounter is contem-
plated, it should be mentioned that the results given in
Figure 5 of Reference i, Vol. II, are slightly in error; the
correct values should be the square root of the values shown.
The equation appropriate to the figure is derived as follows.
Consider the sequential encounter of turbulence of intensity
a, for a time T, and of c2  for a time T2 ; the total time
of turbulence encounter is thus T = TI + T2  The composite

mean square value is given by

T
2 I f 2dt

0 TI T
= w dt + w dt

0 T-T 2

1 2 2
T (T 1 c1 +T 2c 2 )
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This may be rearranged to give

-T. a2a2  1
9C T____1_____

T (36)
STi

The correct values of ac/la as obtained from this equation
are giVen in Figure 12 (note P1  and P2 of Figure 5 in
Reference 1, Vol. II, are replaced here respective by T1

and T).

Errors ,and Sensitivity to A and NO .- The sensitivity

of N to possible errors' in A or N , or to errors in c

and P , is of interest. One way to show this sensitivity
is to assume that A or N0  may be in error by a given per-

centage &'nd to determine how much N has changed as a result.
Figure 13 shows typical results; the figure shows the percentage
change in N due to an assumed 10 percent error in either A
ro c 0  or N0  or P In Figure 14, error effects are brought

out in another way; number of exceedances as might be obtained
in-a specific case are shown for base values of A , No c

and P , and for values of these parameters which are assumed
to be in error t 30 percent. The main effect noted from these
figures, is that small errors in A or ac can lead to large

errors in N . A 10 percent error in either N or P gives A

a 10 percent error in N . but a 10 percent error in A or
a. can lead to errors in N of several hundred percent.

These observations emphasize the fact that A and ac are the

critical parameters and need to be established as accurately
as possible, but that in comparison, approximate estimates
suffice for No  aid P. It is noted that errors in A or

a. can be likened to the use of a different a curve. Thus

the choice of a and the accuracy by which A can be estab-,
lished are closely interrelated. .

J
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SECTION 5

EFFECT OF MISSION ON SHAPE OF EXUEEDANCE, CURVE

The four possible design procedures that were advanced in
reference 1 are to be discussed further in a subsequent section~
on DESIGN. The subject of mission design merits some additional
clarifying thoughts however, and tbis cansideration is g~ven in
thisosedtio. T1he mission design procedure that is being

folloere as. in referenbe 1, represents a departure frcm
that explored in the past. Here we do not necessarily build up

-~ - the mission curve by adding together the curves from all the
various assumed flight segments. We simply choose a single
universal curve to represent the mission. For example, in
Figure 4I, the curve for a = 8 may be stipulated as the curve
applying to Mission-A ,while the curve a =6 may be chosen to
represent Mission B .Thus, in the mission ap~roaoh under con-
sideration here we simply specify one of the uni; al curves
(which actually nmay be established by experierje -(. another

- ~ -a-ircraft),, In 6dditidn,, we need values of and F .These

may be 'established in two ways; (1) by stipulatio,n or (2) they
may be calculated through mission segment considerations by
Equations 25 and -26 (note ac and P may be established or. a

segmented basis even though the N curves are not handled in
-this way). With the universal curve, c9c and P chosen, the

design curve is completely specified (except for the value of
turbulent scale L ;which is handled as discussed in connection I-
with Equations 33 and 34J.

As a matter of interest, the effect of mission on the shape
of the mission universal curve is demonstrated by the following
traatment. Consider a mission composed basically of three

differkn sgments,, an ascent, cruise, and descent portion. We
may construct a universal curve applying to-the whole mission in
a manner analogous to~ the segmented mission approach, but here,
We- assume that each segment is governed by the same basic uni-
versal curve., say one of -the curves in Figures 4~ or 7. We write

~ f or convenience that N( )/P% = f( ) the composite ourve for'

load exceedance. then follows as

n PT, 0 f( + P2 2 Of.) + P T.:N 0 f~)

The analysis -and equatlons that applV -for detenimining the oom-
posite values P a, a__ and Ne are given in the

preced'ing section. Through these eqoti.ons Equation 37 may be
written in the universal form

~4i 29
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Ej f X +(38)

- x .

Altitude Effect. - To se h6j the shape of the universal
curve migh be irtluenced by mission, Equation 38 was applied
to the a~sumed high. al4itude mission shown in the followingsk4iich

35 000 Cruise

Climb, Descent

_ I=.50T T2-=-200 = 5 min.

P = .13 .07 .13
An

=  1.3 1.5

N 11.2 1.3

Note that the gust velocity is assumed to be invariant with
Altitude. Results obtained using the a = 8 curve of Figure 4
as the basic universal curve are shown in Figure 15. The a = 8
universal curve is shown also and is labeled zero altitude, since
this clrve is precisely the result that would be obtained for an
assumed "zero altitude" mission. A comparison of results and
referral to Figure 4 indicates that the main effect of altitude
is to yield a universal curve having a slightly lower value of U .

Tu:'bulence Intensity Effect. - The effect on shape of
increased opergai In-severe type turbulence can be demonstrated
in a similar way. Consider, for example, an operation having
turbulent encounter as shown in the following sketch

30
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T1 Ti 2; I PT

If this model is analyzed in a manner analogous to that used
for Equation 38, the following result is obtained

N I - + !2f(39)

+-T
c ' c 0Iwhere is given by Equation 36, and where c F

1
Figure 16(a) shows the universal curves that are obtained

in this case for various values of T2/TI and a2 /ol__

arbitrarily choosing the Case (a) universal curve of Figure 1
as the basic curve. With reference to Figure 4, we see that the
tendency to shift to curves having lower values of a is much
more pronounced in this instance than for the altitude case.
These tendencies and trends suggest that a reasonable scheme for
selecting the universal curve to use in design application could
be of the nature indicated by the following listing:

Case 1 Case m
I. Normal low altitude wission a = .005
2. Normal high altitude mission a = 7.5 .01
3. Extended flight through severe

turbulence a = 6 o4

The numbers given here are not necessarily recommended choices;
they are intended mainly to indicate the general trends or
behavior. It should be noted that the discussion here is
centered mainly on the shape of the curve; each mission may have
different composite values of a and P , and they, of course,
individually have a marked influgnce on the load exceedance
history, as much or more so than the shape factor. In the
examples given, these values were suppressed in the role of
normalizing factors so as to emphasize the shape effect.

Figure 16(b) is an extension of the results of Figure 16(a)
to show that as the assumed operation approaches complete severe
turbulence encounter, T -+ 0 , the universal curve returns to
the same form as that fo no severe turbulence encounter,
T 2 ---0 . The load history for the high ratios of T2/TI will,

of course, be much more severe than for the low ratios of T2 /T 1
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9 ecause % sgraeeven though the shapes of the universal
curves are essentially the same as for the case 2 1  0
Oiie most marked choge in shape is noted to occur when anly a
small- amount of severe +turbulence is involved-.
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SECTIm! 6

REEXAMINTION OF OPERATION.0 DJUDA

The applicbility of the universal curves of Figure 4
was tested by applying the curves to the flight operational
data given in Reference 4. Part of this reexamination con-
sisted of reevaluating the values of A and N O that applied

0ito the airplanes, because only crude estimates of these para-
meters were used in the reference report; the rigid body re-
sults given in Section 5 of Reference 1, Vol. III were used
for this purpose. Results of the test are shown in Figure 17;
associated values of the various parameters that were evalua-
ted and deduced, such as P. , a , are listed in Table II.

The fitting of the universal curves given by Equation
24 and pictured in Figure 4 involved two kinds of fit: (1)
at least two of the leftyost data points fell on the straight
line section of the universal curve, Operations 1, 2, 3, 4.,
5, 6; (2) only one point fell on the straight portion so
that the joining point of the two portions was between the
first and second point, Operations 7 and 8.

The results for A and 0c in Table II (a) apply to

an assumed scale L = 1000 ft. In Table I(b) the results
for other choice of L are given as well. The wide varia-
tion shown in the deduced value of a0 c depending on the

value of L used, demonstrates the role and importance of
knowing the scale value. As another interesting point to be
seen, the table shows also the influence of flight route on
the amount of time spent in turbulence; specifically, the
largest values of P are seen to be associated with geogra-
phic locations where more turbulence is generally to be
expected.

Some comments on the success of the reexamination

follow. The matching of the flight data with the universal
curve chosen is perhaps the best ever seen. There is no
arbitrariness about fitting the curves. Further, it appears
that the curves provide a consistent and reliable means for
deducing the values of P and a that apply. It is noted
also that in the casp of EquationS 24, the properties of
exponential and powers laws are such as to make the fitting
of the analytical expressions to the data a rather easy task.
With the encouraging success indicated here, it is considered
desirable to examine in future work the applicability of the
various generalized exceedance curves to other flight data.

Many aids may be devised to simplify the task of fitting
a chosen universal curve to flight data. One is to plot ex-

ceedance values against x on log-log paper to judge whether
the data tend to behave as a powei law at high x ; the use of

3-0
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the foUrth power is arbitrary, but the choice helps to reduce
+- the steepness of the curves and aids in fairing. Another ai"

is the following: convert the exce~dance values to a NIT

basis, divide the variable x by several assumed values of

S- , -multiply the N/?O values by e-x / x  and plot tle- results

against x/a. The value of a wich causes the da
points to lig along a horizontalXline at low x is the de-
duced flight value; the value where this horizontal line in-
tersects the vertical axis is thw P value. To find the a

vaumultiply the chosen universlcre lob

e -x/ax and plot; then lay the flight results over these
modified analytical curves so that the chosen flight hori--
zontal line overlays the horizortal line for the analytical
curves (which should be unity). The value of a is then
found by interpolation by noting where the flight values at
high x/a fall relative to the various analytical curves.

This reexamination, using the curves of Figure 4., was
-made before the curves of Figure 7' (and some of the other
cases) had been established. It is expected, however, that
equal success and similar P and a values would have been
found if the curves of Figure 7 had seen used.

A summary of the generalized exceedance curves as de-
rived from the flight data is given in Figure 18 as a matter
of interest. We conclude this section with an observation
that is in the nature of a warning. We should not draw any
hard conclusions from this reanalysis, or from the summary
given in Figure 18 for the following reasons. First, only
a limited amount of data has been considered here. Secondly,
the exceedance data used is, strictly speaking, not of the
proper kind; the data represents a certain type of peak 111+
count analysis, but whether the specific count analysis used
represents the results that would be obtained by a level I
crossing analysis - on which the exceedance curves are based -
is not known. Therefore, we cannot Judge at this time which
family (or families) of generalized curves represents flight
exceedance the best. We should also keep in mind the following
thought in any future analysis: any exceedance analysis should
also include data at low x values because knowledge of the
behavior of the exceedance data at low and intermediate x 4
can be very valuable in predicting how the exceedance curves
should behave at very large x , where data is usually non-
existent. Stated in another way, the behavior of the ex- 4
ceedance curve at large x is very strongly dependent on
whether the curve at low values of x is convex, straight,
or concave, when viewed from above (on the basis of a semi-log -4
plot).

-- -- , . .. . .



in thie light of the newer developments that have been
tound in this phase :.f etudy, we examine, 14 this section.,
Vhe f our design procedures that were adVnced in Reference

1.Es~ntially, -h orpoeue till appear sound.
Somle -of the numbers are altered sl.2Ightly herein; other num-
bers- sti:M cannot be fixed with certainaty until better 8,71d
i-Aore appropriate:.y analyzed flight data become available.

The discu-ssioh is presented for the most part using a
gerpers2 notation for ;he universal exceedance curve. In
placesj, Equation 211 is used to give specific illustration.

In the lifetime T of the airplane, the number n of

exceedances of leval x is (see Equation 11)

n ~ TNx (xNO c
fNX (4 ,a-) (40)

where =A

Most of the discussion to follow! is given on the basis of
limit load considerations; a treatment of ultimate load is
also given, however, tc show that some insight on the near-rness to or possibility of ultimate load encounter cap- be

* gained, even though possible complications, such as nonlinear
structural and aerodynamic behavior_, are not considered .'

At limit load, x = ,X we wish the expected number
of exceedances, as given by Equation 40., to be equal to or
less than a specified number nL thus

PTNOf' ,a <nL (41)

In terms of Equation 24b, this relation reads specifically

4-



Design Based on N -vs. x/A .- For safe design, Equa- 4
0/

tions 40 and 4i indicate the following functional relation
between N and .x/A : -0

_ n

With.-Equatin 40_,- this would read specifically

- VA) (43)

-As mentioned in Reference 1, c 1 can be established by assigning

values to n, P ,T and a, or it may be found in em-

pirical manner by applying the e'quation in retrospect manner
-to past gust-critical airplanes that have proved themselves
airworthy by many years of successful operation. Let us exa-
mine what the second of these two ways indicates. In Figare
19, we plot the results of the computational studies that are
Presented in References 8, 9, and 10. We see the expected
shot gun" pattern of points and note that they establish a

reasonably well-defined left-hand border, as was anticipated
and hoped. Equation 43 was used to establish the three border
curves shown; the curves, representing a = 7, 8. and 9, were
all arbitrarily made to pass through the point x/A = 52.5
N 1 . Specifically, the chosen borders are giver, by the
equation

ItN isntdx( 2 ) (44) 1
It is noted that, because of the general steepness of the curves,
the border itself is not too critically dependent on the value
of a chosen. Note also that quite similar borders wou d be
established if other specific forms of the exceedance ci-ve
had been used.

The results shown in the figure are for cornputations

based on a scale L = 1000 ft. If, howevertho results for

other L values are plotted using as the

- abscissa, as based on the indications of Equation 34, then
similar patterns with the same left-hand boundary are found,.
It would appear desirable, therefore, to use the abscissa
which'includes the L factor, since the necessity for specifying
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L thereby becomes obviated.

An important point to note in this procedure is the
following. In the consideration of various flight conditions.,
it is possible that one or more flight conditions may give
combinations of NO and x/A for a specific structural de-

sign point that falls to the left or unsafe side of the de-
sign border, while all other flight conditions yie~ld values
which fall to the right or safe side. The composite value
combination of NO and x/A , as given by Equations 29 and

35b may, however, still fall on the safe side. A procedure
as follows is therefore suggested. Evaluate N and x/A

for various flight conditions, and, if the points all fall
on the safe side, the design may be judged safe; there is no
need to establish composite or mission values. If some of
the points fall on the unsafe side, then determine the compo-
site values of N and x/A ; in all likelihood, these will

fall on the safe side, thus indicating a safe design. If the
composite values fall on the left side, the design should, of
course, be judged unsafe. J

Figure 20 presents some of the airplane computational
results to illustrate these situations. For the RB-57, stress
point 9 appears safe for all four flight conditions assumed.
For stress point 13 however, a combination for No and x/A

is obtained which falls just to the left of the design border.
The flight condition for this case is 5% fu&3 at 50,000 ft. j
altitude. In this situation the design may ba judged safe
without establishing the composite values of No and x/A

since the amount of time spent in this apparent critical
flight condition is surely quite small. A similar situation
is found to occur for stress point 1 for the B-58, whereas
for stress point 3, results fall on the safe- side for both
flight conditions investigated. The results shown for the
KC-135 are seen to be safe, and serve also to show the spread
in points due to various flight conditions.

In general, the concept of using past aircraft to es-
tablish a design border for this No vs. x/A approach ap-

pears successful. The use of composite values of No and
x/A when necessary makes the approach quite attractive and
versatile. The nature of the results found suggest, in fact,
a simplification worthy of consideration. As noted, the de-
sign borderline is characterized by a marked steepness, so
much so that it appears a vertical line design border might
serve just as well for practical purposes. From the results
shown in Figure 19, we might choose, for example, a vertical
line at an abscissa value of 55. Design could then be couched
in the following concise phrasing; design for gusts shall be
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suh as to satts-y 55. Tis amroach is, of
cOurse, the 1o, a-preach advanced in Refcreme 3; t is
analogous to the discrete-gust a-,roach -Ind hs,. simwiiclty
as one of its -er!ts. '_'ese resulis also bring out agean aaoint that was discussed In a previous section, _=y, that I
A is predmiennt Wi design, and that -elatively, No has a

secondary role.

I esign Based on C mzarison.- The cozmarison chart that
fouc!s from E-la fion 40 d" rnan 'h takes the place of Figure

-- in ference , Vol. 115- is given in Figure'21. The curves
sho-'7 cre based -n Equation 42. This method is still con-
sidered good. Rot only is it good for ccmparing one aircraft
design to another design, but it should be especially gcod

1for comaring the adequacy of the design at one point of an A
a-Irolan with the design at another point of the same airlane.
-his latter point deserves much attention. Thus, some other
prozedure may be used to evaluate or fix the design at a
given c: tical reference point on the wing, Ior example, and
then use can be ilade of the comparison technique to checK
other points along the wing or elsewhere. When applied in -.

this way to the same design, there is no concern over what the
values of P , T , and . (or L ) should be. -Again, corn-

posite value a as given by Equations 25, 26, 29, and 35b, may
be used if desired or needed.

Design Based on Stirulated a , P a and T - In this

procedure. we specify the values of oc, P , T , and L' to

be used for design (and a particular uriversal exceedace-
nrve); we also fix the number nL of limit load encounteis.

acceptable. Values of A and No are computed for various (1)
flight conditions and, for simplicity, may first be checked
individually. If some are found to be on the unsafe side for
certain flight conditions, then, as in the previous two ap-
proaches, composite values of A and N. (and P ) may be
used to test acceptability from a mission point of view. De-
sign can be examined completely and directly on the chosen
universal exceedance curve, as is indicated in Figure 22.
For limit load, Equation 41 indicates

TIL. > f o

The left-hand side of this relation fixes the level of the
horizontal line a For a design to be considered satis-
factory, level a must be equal to or above point A
I.timate load encounter may also be treated, at least in a
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rot ,h sense, by introducing the number m of airplanes in the
fleet. We do not, wish to encounter an ultimate load duri-ng
the lifetime of the fleet and thus, on the basis that Equation
40 also applies in approximate fashion to ultimate loads, we

nu  = > M TNof -Ac

or

> f
-- mP'N0  \,A, )

In this case, the left-hand side fixes the level of the hori-
zontal line b . The example numbers shown in Figure 22 serve
to illustrate the procedure.

The "mazter design" chart form suggested in Reference 1

may also be used in an alternative way to Pssess the design.
Figure 23 illustrates the form, using Eoiation 24b with
a= 8 to establish the curves. This particular form was
suggested because of the analogy to and possible use for
fatigue consideratlons, as brought out in Reference 1.

The following comments are 
intended to be of a generalnature, and indicate one means for establishing the number

of limit load encounters that might be appropriate for design
use. The process is admittedly open to some question since
ultimate load aspects are involved, and since the numbers
found are dependent on the particular exceedance curve chosen.,
but at least order of magnitude values should be indicated.
If Equation 24b and the abscissa relations shown on Figure
22 are used, the following simple relation for the ratio of
the number of limit load encounters to the number of ultimate
load encounters is found

r ). a

nu r /

This relation yields the results
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IIE

r or~

C167 8 9 10
1645 128 256 512 1024

1.9 38 70 128 234 1130

2029 50 88 154 270

Statistically, these numbers indicate the number of' limiit load
encounters that. may be expected for the fleet for one expected
ultimate load encounter; for example, 512 are indicated for
the case of r =- 1 and a = 9 . From these numbers and a I
consideration of airplane fleet size, we can establish the
number of limit load encounters per airplane that is reasonable
to use for dezign, Thus,-for the example ratio of 512, the
f'ollowing reletion between fleet size mi and limit load en-
cown-,ers- nL peir alrplane must be preserved so as not to ex-
ceed (statistically) one ultimate load encounter of the fleet

64 <8
128 < 4

256 < 2

512 <1 4

These numbers simply ref2lect the faKct that if more airplanes
are involved, then the chances of encountering altimate load
incree. Otih cu e d=- th rcos ereastwcutd usde dfeet
nwfbers, but we must await betteT experlmental evidence to.

Di sg bsdo asin (Utilc j izinexcedance
* 2 curves for each 6,iii~nt~. T-hq 1ia8iof approach, in which ex-

cednecuvsae esta1,lisheO for -each a8Esmed mission seg-
merit ~ ~ ~ ~ ! an hemsnne, f ot devloped further herein asa

design tooJ. A suppl mateaL repart' to this report is intein- I
ded., Ihowever.. 'be corr addit.-onal developments azkd net~r
ideas on this approach. In reading the subsequent. discussion,
the following tlhougt abould be Impt in mind. Moast of the ob-
servations. are made bere in & negativre vei; postij-4e aspects
vil1 be dealt wtth in the sutslemental repo't. TThe lack of'
felt to b~i-imropr. Tkie principal investigetor of the present

report, in fact, firot a&7=,ced the use o~f general.zed ext-
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ceed~cq carve in a missio-if approach in Reference 11, and
restated- tbib conept in Referemce 3. Mie approach is still
cons-idered &ood. Tut vmfortunately n~ot enough Information
exiats as yet to place it on an acceptable firm basis.

At the present time the segmented'mission approach isrecomendd-no as a &irect design tool, but rather as a
means for asse~tsing- how the cbaractfe:r df the eipected load
history is c-harned if tine aircraft is utliized in different
ways. There are several reasons ft~r these observations.

The main reason is that too many uncertainties still exist
with respect to the Apput quantities. In the treatment of '
physical problems in whch uncertaitty ey-ists-, there is some-
times a tendency to add yet another ingedient to the problem
in the belief that the situation is made clearer, In reality
though, the problem has been made afl. the more uncertain.
At present., the gegwented approach., while patentially a viery
powerful tool,. has manmy of these aspects. In particular,
when evaluated on the basis of the nuniber of statistics.1I
variables involved,. the approach has four independent variables-
these may be statepd in various wayo, but a common way expresses
them as 2 proportion of time values., and 2 gust severity
values. While attempts have been made to establish these
values, they are still very uncertain.

The approaches given herein can acccaplish everythittg
that can be done with the segmnented approach., but inr a much
abbreviated way., and with fewer variables. Corresponding to
the four variables mentioned, Teer oly three, or less,,

~involved in the approaches of this report -specifically P
acand a (for the N 0vs. x!A approach, there are none), i

The uncertainty of a fiftb variable, which is com~on to all
procedures, the scale L , has also been removed to a large
extent. In a sense the =.certainties that exist with all the U
specific generalized exceedance curves of the mission approach
are here lumped together into a single cuxrve described by the
parameter a .The underlying thought is that instead of
summing together, say., 10 diff'erent curveF., each of which has
a degree of uncertainty, why not choose a single curve repre-
senting tuhe sum, which, even thcigh it too may be somewhat
uneerin, is at least guided or constrained more directly I
by past experierhce results.

An illustration of the pitfall that may be encountered
if design is made on a mission basis is afforded by back
reference to Yigure ly~e. 'These results were obtained from
three different airplanes of the same type that were utilized
in three differen+ ways, but at essentially the same mission
altitude. The question suggested by these results is: how
itit a mission have been conceived for desiga that could

I have covered the load histories actually experienced? A
mi;;ision covering thpe lowest curve might hame been conceived
only to find that the results given by the top curve were

obtind n tiizt-on of the aircraft, Th1e answer 1.8 that
the mission conceived must cover all pc-qsibla fut-are uses of
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SECTION 8

CONSIbERATION OF STRUCTURAL INTERACTION EFFECTS

The exceedance considerations discussed so far in this
report apply to any response quantity which can be treated
separately-. it is knowni, however, that there a.re often points
in aircraft structures where the strength is governed by
structural interaction boundar:Ves; that is, the strength de-

pens n he combination of two stresses, such-- as an axial
stress and a shear stress. The problem of deter-ming the
number of times a given interacetion boundary is- exceeded is

theref ore present.

The 'means -for -determiining thie qxpected number of ex-
ceedances of a given structural interaction boundary has been
developed in a separate study. The procedure Is general but
quite simple, and exac~t solutions have been obtained for cer-
and thus no further discussion will be given here.-
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SECTION 9:

PIROBABILITY OF, EXCEEDIWCE FOR GIVEN FLII m S

In the development of this report there is no explicit
consideration given to establishing probability of fIlur
or the probability levels of exceeding certain loads, such as
limit load. The reason is that there is no need to if thi.
There may be interest and concern, howeveri the cuest Lon
of what is the probability of- exceeding a certain loal level
in a-given number of hours of rout~ine flight, or for flights
such as extended operation throughi known severe turbulence
conditions. An analysis of this probability problem is given
in --his sect-ion. -The-results are basic and apply in general
to the probability of failu-re or the probabililty of survival
for structures exposed ~o random loading. Three solutions
are presented.

A fundamental ingre-dient to all. solutions is the average
repeat time for a given load level. From the generalized ex-
ceedance Equation 11, this value is

T1
-N PN 0f v4_

where f is understood to represent the function f(2L. \O *

We ask then, what is the probability that the load level x
will be exceeded in time T.4

-The -first solution is approximate. Wie assume -that T'
1 w-ry oml .mpared to Ty.malx *Then the probability ,) ex-

ceadance is sim~lyII

The solution ovusybreaks down when T approaches or
excees Tx (-We in this presentation the dist inction

b -%-wa;_n the fun-tiona3. notation P(x, T) for the probability
anad the prop,,-ortion af ti-%e P shouiA be kept in mind; P w--.*l
be iuad throughout The remnainder of this section to denote the
proportion oll timue P .

Tho. second solution follows the line of reasoning used

-in a, Private comm-unication from Prof. B. Etkif. Lat T be
divided irto a secxuence of small Intervals At such that
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- flt an tha At ( ~ and assumne thalth, probability
of x being reached in any partircular interval is independenrt
of' whether x was &.he d -n- re I ny other interval. The proba-
bility of reaching x in At is therefore

P(x,4t) AT

so- that -the -probability that x will not be reached in At is

Q~x)At) At j

By the assuIMptGon of' independent events the probability that

x will hiot be reached in the n suodessive intervals isI

At'
Q(xnAt) =(1-I

j For n very large, and by the knoimn relation that

lim

n-*.on

the value for Q becomesI

7 Q(x,T) =e X

From this relation the probability that x is reached in time

T is found to be '
4T

P(x.,T) I a e
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With Equation 45 this yields the desired result for P 4
- TPNof(x)

P (x, 1 - e (47)

This equation is noted to be associated with the Poisson
distribution. -

It is questionable whether Equation 47 properly repre-
sents the actual characteristics of a random function. For
one thIng the equation is based on the average repeat time,,
but in reality the repeat time is variable and must be
characterized by a distribution function. Secondly, the
equation does not yield the correct results when applied
to a determini .stic function such as a sine wave, as is the
belief that i1 should. A development which overcomes both
of these objections is the following. Consider the random
function shown in the following sketch

We are interested in the probability of whether the level x
will be experienced in a given time interval T . By way of
illustration we first analyze the situation on the basis that
t is characterized by a discrete value distribution; after-
wrds a continuous distribution function for tx  is considered.

Suppose that the individual tx values are read over a

long time interval and that when these values are grouped in
interval brackets, that the following specific distribution
diagram is found

n 3

tI  to t3 t 5l t -3 5



To find -the probability of encountering x in time T we
can make use of a probability whleel of the following type

II
2 x encounter

-Spinner

The fladtor a k,, inserjted simply to convert the time value s
to angle notatien, such that

27r a n ti

Assume, for illustration purposes, that

t < T < t~34

Then, through the consideration of many repeated spins of theI
dial, the probability that the shaded area will not cover an
x encounter in a single try is*

Q~,) ~ 2(t 4 - T) + (t 5 - T) (8

ti+2t2 +3t 3 + 2t 4+ t5

The probability of encountering x is thus

2(t4 -T) + (t5-T)
P(x,T) =1 Q(xT) =1 - ~ t+t+t t

248
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The a i -rmth r M-Onan -

Th verage repeat time is foundfo-h i~ 'i~tc
the n diagram, or specifically j

I
t + 2t + 3t + 2t +

x I +2 + 3 + Z +(

= t:. if t* =iiAT

A generalization of this elementary model may be made
as shown by the following density plot end equations

n,-2 +f- 'V' -- i--4% I -1n

where

Sn =n +n +

Pi n

1 (50)

In analogy to Equations 48 and 49., and for T K Ti , we may

write the probability of not encountering x as

n i (ti-T) + hi+ I (ti+j - T) + ni+2 (ti+2 -T) +
Q(x,,T) l fl + n3 t +
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or

Pj (tioT) + Pi 1 (t T +2 (t i-T)

rt..x-T- -1 , J

p-j (t -T)

.1) (51)

and the average repeat time T~ as

fl fl,.~00

xi 2 (52)
X TI, + n . . . . . . . . =

In the limiting case as the interval AT = t t becomes

SMall, the p distribution may be expressed in continuous form
as shown in the fco12oo'ing sk~etch

Mean Vallu

p~xt

Which by Equations 50 and 52 has the properties
00

fp(x,t)dt .1 (53a)
0I

00

00

50Cl - ht,



The generalized Q equatlon becomes

Q(x,T) = T = (t - T)p(xt)dt
=TX

f tp(x,t)dt

0

We have finally, therefore, that the probability of encountering
x in a time T is given by the equation

P(x T) 1 - Q(x,T)

I - (t - T)p(x,t)dt (54)
x T

11 This relation is general and should apply to all stationary
functions whether random or not. The precise form of p de-
pends on the nature of the random variable; for a sine wave
p becomes a Dirac function at the period of the wave,

The nature of p for gust encounter loads is not
known as yet, but estinz.tes of P can nevertheless be made
by assuming various forms of p . Two choices have been
studied; they are

Case a, nt

__ T~xr(n) J~2 e

Case b,

p(x,t) ate

. The second case is presented in form only because tlie coeffi-
cients a and b are defined by rather lengthy expressions
involving exporentials and erf( . Figre 24 shows the

j, graphical nature of these distribution functions. The results
found from Equation 54 for these two cases are shown in Figure
25, along with the results indicated by Equations 46 and 47.
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To bring out better the behavior of the curves near P 1
probability of not exceeding are given in Figure 26. The
results obtained for extreme values of either n or k are
noted to be of special and remarkable interest. Case a, yields
Equation 46 for n = and Equation 47 for n = I , whereas
Case b, gives Equation 46 for k= and for t =- yields
the n = 2 result for Case a.

The results are general. In application to the gust
loads, it is noted that the results are presented in terms
of the average repeat time as given by Equation 45.

Although information is not available at this time to
judge the validity, the results given by Equation 54 look
very satisfying. The associated curves given in Figure 25
appear as generalizations to Equation 47. It is noted also
that the distribution functions p approach a Dirac function
as the parameters n and k become large, and hence apply
to a sinusoid as a limiting case; the corresponding proba-
bility curves pass in the limit to the approximation given
by Equation 46, which is correct for a sine wave. Although
there is no supporting evidence, it is felt that the proba-
bility curves in the range of n = 10 - 20 in Figure 24(a)
and k = 2 - 2.5 in Figure 24(b) apply to the gust load ex-
ceedance case.

The results given in Figure 25 can be used in several
ways to determine the probability of exceeding certain loads.
One of course, is on the basis of routine flying. Perhaps a
more significant use, however, is with respect to establishing
probabilities for a certain flight, or succession of flights,
into known severe turbulence conditions, Results can be quite
startling. Two examples illustrate the point. Consider that
a design was made using the following values:

=.08

T = 15,000 hrs. = 54 x 106 sec.

N0 = 1.05

nL= 5

and that the a = .005 curve of Figure 7 was the universal
exceedance curve used for design. The k = 2 curve of
Figure 25(b) is chosen to determine probabilities.

We wish to establish the proability of encountering
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a load equal to half the limit load in 10 hours of routine

flight7 for this instance we have

ox.f = (8) =4 x lO0- 4

T= 'ro<-I- = 08 - 1O x 3600xo 1.05 x 4 x o- 4

= 1.21

From Figure 25(b) we find P = .955. In addition we wish
now to determine the time to reach this same probability
level if flight is made completely in turbulence that is
2.5 times as severe as the average. In the latter instance

T = lo ax  is 2.5 times as large or A- =-5 = 3.2, f(3.2)

4.2 x 10-  ,and- T met be the same to yield the same

probability, hence

PTNof <ax) = lo.05T x 41-.2 x 10-2 121

or
T = 27.5 sec.

In summary, for this example, it takes 10 hours of normal
routine flying to yield a probability of .955 that a load
level one-half the limit load value will be reached, but only
27.5 sec. of flying in turbulence which is 2.5 times as se-
vere as the average to achieve the same probability.

Example 2:
We wish to determine how much time can be flown con-

tinuously In turbulence that is 2.5 as severe as the average
to obtain the same probability of encountering limit load
as is obtained in flying routinely for a time equal to the
design life of the airplane. For the lifetime routine flight
we have

SPTof k16) .08 x 54 x 106 x 1.05 x 1.d -
T



The asociated probability is practically I, For the severe
turbulence flight to have the oame probability we r ave,' with

=, z 6.4o.f (6,4) 1,667 x 10,3 the following
ax

relation

T_- = 5 PTH -f O) 10T x 1.667 x i0-3

x

and so

T = 47.7 min,

These exariples serve to show the value of a probability
of exceedance analysis, and indicLe that probability considera-
tions of the type illustrated can be quite useful in Judging
whether a specific flight in known severe conditions should
be made -rr not.
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SECTION 1-*

CONCLUSIONS AU JRECOMW4EDATIONS

The conclusion and x commendations that are indicated by
this study dealing with the development of power spectral
methods for designing aircraft for gu3 are listed in this
section.

First, as a general observation, the use of speec-
niques for gust design appears sound and feasllt, and it , srecommended that su-h a procedure be incorpo- .;ed $a) design
specifications. 7his recommendat.'.o ,k does not mean thct thediscrete-gust design technique should be abandoned. The atti-
tude taken toward the discrete-gust method is that benause of

itz basic simplicit it still may be used to rough out the
design in the early stages; the power spectral technique then
serves the purpose of Phecking on the design or uncovering
unusual response aspec;s which cannot be brought out rationally
by the discrete-gust teclnique. We might summarize the use of
the power spectral approach as follows: (1) If suffioient
structural and aerodynamic information is available early in the
design stage, then de5ign by the power spectral approach, (2)
If the phasing of the designl is such as to preclude making use
of ;he spectral approach initially, then rough out the design
by the discrete-gust procedure and subsequently make a detailed
check by the power spectral approach, (3) Even if not used
initially for a given design, the power spectral method repre-
sent a powerful tool "L) determine how the expected load history
may be influenced or changed if the airplane is used in different
ways or in a manner different from that originally contemplated.

With respect %o future study effort, the following observa-
tions are made: /

1) The values of a anK L are still uncertain and
should be establskrj more rationally.

2) The questionable reliability of the derived gust
history records at low frequencies is one of the
pr..cipal reasons for the state indicated initem
(1); thbu, a much better appreciation of record
content muet be established.

3) The operational statistics of various aircraft
should be examined to evaluate which form (or
fo-,s) of the many generalized exceedance curves
present-ed appears to represent load experience
the best.

11) ne study mentioned in item 3 should also include
ar examination of whether the shape of the
(-,;ceedance curves can be correlated with wission
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5) Load le-el eroe. ng stu ales should be made of
gust response rec-od-i results should be cor-
related with pre-ola;z, used peak count proce-
dures, Any level crossing bta-y should also
inalude the range of low x value., snce in-
formation i this range may provide - v~auable
clue as to how the tail of the exceedaace curves
should behave-

6) Additional values of NO and x/A should be es-

tablished for other gust critical aircraft as
means for providing further substantiation to the
results and design boundary given in Figure 19.

7) Gust response records should be evaluated to es-
tablish experimental distribution functions for
repeat time as used in the probability study
given in Section 9.

With respect to the spectral design procedures, te
following recommendations are made:

1061/3
1) The design based on the plot of N0 vs. -9

and represented by Figure 19, is the recommended
first choice as a design procedure, Composite
mission values of A and No may be used if

necessary. This procedure is just about as simple
as can be conceived, yet which retains all the
basic rational elements of the problem. Serious
consideration should be given to adopting the
further simplification of this procedure - that

of specifying the lower limit to .
only, which on Figure 19 is a vertical ine.

2) Design based on the universal curve and specified
(or composite) values of ac , P , and T (Figures

22 or 23). is recommended as a second choice. As
mentioned, uncertainties still exist as to what
values of a , P , and L shculd be used. The

procedure, however, provides for additional rele-
vant design information, such as load information
for fatigue considerations.

3) The comparison technique is not included in an
ord.r of choice basis. This procedure is cons.-
dered a valuable adjunct to any procedure that is
being used. It is valuable in evaluating the de-
sign at various locations on a given aircraft,
and in many instances can itself serve to be the
complete design tool.
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11The segmented mi.ssion aproach involving the use
of an exceedance curve for each mission segment
is not Ix~cluded as a depaign procedure at t1'his
time. Thce. main reason is that too many uncer-
tainties still exist with respect to the input
quantities. The use of this procedure as a means
for asseseing how the expected load history is
afested by different aircraft utilization is,

howevv, recommended. Further developments oin
this approach are to D.-' covered in a supplemental
report,.



APPENDIX A

EFFECTS OF FILTERING ON L

Evidence is that the time histories of gast velocities
as derived from airplane flight data contain long wavelength
contaminations of uncertain magnitude and frequency range.
Knowledge of this low frequency "noise" is important because
its presence has a major influence on the values of ac and

L that are deduced. As an example, in Reference 8, it is
shown that scale values of over 50,000 ft. are found in some
cases from the raw time history records of derived gust velo-
cities; such values appear to be unreasonably out of line.
Because of thie dependence o! a and L on record authenti-
city, the principal investigatgr of this report has recommen-
ded often that long still air flight tests which include de-
liberate pilot induced maneuvers be conducted with the instru-
mented airplane. The records obtained from such flights
should give a good indicatJon of what can be believed and what
cannot in the rust records. In the absence of these studieo,!
other means f" .-ambating the apparent low frequency noise
have been used, The of these methods consists of arbitrarily
filtering out low f*-equency components. The effect that
such filtering has on the deduced values of scale should,,
however, be appreciated more. An analysis is therefore- given
in the following, which indicates the general effect of fil-
tering.

Consider a raw time history of a random variable y(t).
The time history obtained by passing this raw function through
a low pass filter is

yf(t) =fy((r) h(t-r) dr
SI'

where h describes the fil.ter characteristics (although not
necessary, we assume that the filter used has symmetrical
characteristics so that pnase distortion is not introduced).
The time history with low frequency components removed would
thus appear

Yry(-r) ht- d'



The Fourier integral tra sform of this equation is

Fyw) F F(a)) F F(w) H(w)
y V

where H Is the filter frequency response. The irpectrum for
Y then followz as

H!
y

To establish the effect of filtering on the d 'iuced
value of scale L v we ma; use of Equation 6 of Reference 1,,
Vol. II, giving the t iuicated r.m.s. value al namely

i ,885%
.A385u~.(A2)

01 T/3

and postulate the equivalence shown in the following sketches,

Scale b a
%2 (Total Area) 2otal

/ ~Area)

-0 ~2 X 23

The spectrum on the left applies to the raw aata,. and on the
assumption that these data zxepresent real gust information, we
fit our chosen analytical spectrum equation (say, Equa'.ion 4,
Vol. II, Reference 1) and deduce an apparent or "raw" scale L .
The second sketch represents the filter transfer function. In
accordance with Equation Al, curve a in the third sketch
represents the spectrum of the filtered time history. The2 "
quantity of denotes the rean square value of the filtered

time history. We assume however, that spectrum a is re-
placed by an "equivalent spectrum b , on the basis that b
represents the real world situation much better than a ;
stated from another viewpoint, if we had a means for precisely
extracting the contamination from the raw data, then the fil-
tered data would presumably lead to spectrum b, not a
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The Fourier integral tr&-sform of this equation is

where H 15 the filter frequency resphnse. The ipectrum forY then follows as

To establish the effect of filtering on the da iuced
value of scale L , we ma;s use of Equation 6 of Reference 1,
Vol. II. giving the triincated r.m.s. value al , namely,,,

°885a%
,8 

(A2)

and postulate the equivalence shown in the following sketches.

Scale I a
2 (TQotal Area) (Tota
S(Total

i / Area)

/ .. I / / 2C,

She spectrum on the left applies to the raw a-ta. sn d on tihe 1Aw

assumption that these data represent real gust information,, we :
fit our chosen analytical spectrum equation (say,, Equat.ion ,
Vol. II,, Reference i).and deduce an apparent or "raw" scale L. /

The second sketch represents the filter transfer function. In .
accordance witn Equation Al, curve a in the third sketch .
represents the spectrum of the filtered time history. The .

quantity o2denotes the rjean square value of the filtered

time history. We assume, however, that spectrum a is re- ":
placed by an "equivalent" spectrum b . on the basis that b <
represents the real world situation much better than a
stated from another viewpoint., if we had a means for precisely
extracting the contamination from the raw data, then the fil-
tered data would presumably lead to spectrum b ,not a .-
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The equivalent spectrum is defined as one which has the shape
given by the analytical expression adopted, which has a meenf2-squaxe value and whizh passes through the same data

points 9t the high frequency end,, and hence has the same trun-
cated value a, , The scale value Lf associated with this

equivalent pectrum must then satisfy an equation similar to
Equation .(A2J, specifically

.8 l 5f -/(A3)

Division of Equation A2 by Equation A3 leads then to the fol-
lowing xe -.-'ion defining the scale L. which effectively
chacterizei, the filtered data

3

Lf =

This simple equation can be used to show the effect of filtering
on the deduced scale value. Results are shown in Figure 27 for
two different assumed ideal filters. The following equations
define the filters chosen

, Case 1 e -. 643% ItI
f lh -- e

2 -

Case 2 sin ct1 ci~h=
w t

11 - H(W)i 0 <n~
.4'

A - 1 CJD >O W

2z.-- . C



N~ote, a) =corresponds to p and ~

Note that the- scale L associated with the filtered
data drops off rapidly s. th9 filter cutoff frequency q. is

increased, and inore sinificahtly that at the higher Ic's the

values 'of Lf become the same regardless, o. the value of the
raw scale L There is perhaps a significant implication in
these results. If we consider, for example, that the informa-
tion contained in the raw data for frequencies below 1c = .0005

(wavelengths greater than X =r/9c = 12,560) is all contami-

nation, then we see that scale values on the order of 1200 ft.
are indicated. We see .from these results the importance of
establishing whether the information given by the raw time
±story i -re. ' or not. -The results alsb suggest the warning:

do not arbit r • filter the data unless definite guidelines
are on hand to guide the filtering and unless the effects of
filtering on the end results are fully understood.
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